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Abstract. We show that for each cusp on the boundary of Maskit's embedding
M  H of the Teichmuller space of punctured tori there is a sequence of parameters
in the complement ofM converging to the cusp such that the parameters correspond
to discrete groups with elliptic elements. Using Tukia's version of Marden's isomor-
phism theorem we identify them as cusps on the boundary of certain deformation
spaces of Koebe groups with a non-simply connected invariant component.
Let G be a Kleinian group with a simply connected invariant component 

0
of
the set of discontinuity 
(G) of G. G is a terminal b-group of type (p; n) if 

0
=G
is a Riemann surface of nite analytic type (p; n) and if (
 n 

0
)=G is a collection
of 2p   2 + n thrice punctured spheres. We use the matrix notation for Mobius
transformations, identifying the transformation
z 7!
az + b
cz + d
with the matrix

a b
c d

2 PSL(2; C ):
The Maskit embedding [14], [10] of the Teichmuller space T (p; n) of compact Rie-
mann surfaces of genus p with n punctures is dened by rst identifying T (p; n)
with the (quasiconformal) deformation space T (G) of a terminal b-group,
T (G) =
n
w :
b
C !
b
C quasiconformal : w  g w
 1
2 PSL(2; C ) for all g 2 G
o
= ;
where w
1
 w
2
if there is a Mobius transformation A 2 PSL(2; C ) so that
w
1
 g  w
 1
1
= A  w
2
 g  w
 1
2
A
 1
8g 2 G:
This deformation space is then, using traces and/or xed points of a collection of
group elements, analytically embedded in C
N
where N = dimT (G) = dimT (p; n).
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2 JOUNI PARKKONEN
In this paper we study the one-dimensional case of once-punctured tori. For once-
punctured tori the Maskit embedding rather simple to describe (See Kra [10], Sec-
tion 6 for more details):
T (1; 1) can be represented as the set M of parameters  2 H for which the
group G[] generated by two transformations
S =

1 2
0 1

and
T [] =

 i  i
 i 0

is a terminal b-group. It is useful to think of G as the HNN extension (See Maskit
[16], Section VII.D) of a torsion free triangle group hS;
e
Si by the loxodromic trans-
formation T [], where
e
S = T []
 1
S
 1
T [] =

1 0
 2 1

:
The group hS;
e
Si is a Fuchsian group of the rst kind that keeps H and H

xed.
The quotient 
(G[])=G[] consists of the disjoint union of a punctured torus

(G[])=G[], where 
(G[]) = 

0
[] is the invariant component of G[], and
a thrice punctured sphere. The punctures of the sphere correspond to the three
parabolic conjugacy classes of S,
e
S and
K = S
e
S =

 3 2
 2 1

:
K also corresponds to the puncture on the torus component of the quotient Riemann
surface.
The set M and its boundary have been studied in detail by Keen and Series
in [7] and by Wright in the unpublished manuscript [25]. In this note we consider
discrete groups generated by S and T [] for parameters  2 C nM . We can restrict
our attention to the case  2 H nM , as a simple calculation shows that for all  2 C
G[] = EG[ ]E;
for E(z) =  z, E
2
= 1. We consider the following questions:
(1) For which parameters  2 C nM is the group G[] discrete?
(2) If G[] is discrete, what is the geometry of the quotients 
(G[])=G[] and
H
3
=G[]?
Using the circle chain methods of Keen and Series [7] and Wright [25] and Maskit's
second combination theorem [17] we prove a local result: (see Section 1 for the
denitions)
6.5. Theorem. On the extension P
+
p=q
of each rational pleating ray there is an
open neighborhood U of the cusp 
p=q
on P
+
p=q
such that the following holds: If
 2P
+
p=q
\ U and trW
p=q
= 2 cos(=n) for some n 2 N, n  2, then
G[] = F
W
r=s
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is a Kleinian group representing a thrice punctured sphere and a sphere with a
puncture and two branch points of order n on its ordinary set. If  2P
+
p=q
\ U is
not of this form, G[] is not discrete.
A similar observation for the Bers embedding of Teichmuller space is made by Kra
and Maskit in [11], and for the Riley slice by Riley in the introduction to [21].
We do not have an estimate for the size of the neighborhood U , that is, we do
not know how big n has to be for a xed rational p=q in order that the group is
discrete. For integral pleating rays we get all n  2, and computer experiments
suggest that this should be true for the extension of any rational pleating ray.
In Section 6 we also show (Theorem 6.6) that the discrete groups with elliptic
elements that we nd in the complement of M are boundary groups of deforma-
tion spaces M
n
of certain Kleinian groups representing a punctured torus on their
invariant component.
6.6. Theorem. Let 
p
0
=q
be the boundary point of M
n
on the ray P
p
0
=q
. Then
the group G[
p=q
(n)] is conjugate to G
n
[
p
0
=q
] by a Mobius transformation.
The quotient 3-orbifold M = H
3
=G of these groups can be described topologi-
cally/geometrically as follows: Let X be a punctured torus. M is obtained from
X[0; 1] by adding a singular two-handle D
n
[0; 1], where D
n
is a disk with metric
cone singularity of order n in the origin. Note that one can construct these groups
for any n  2, however, the method of proof of Theorem 6.5 does not allow us to
conclude that the boundary groups are realized on the extended rays for small n.
The deformation spaces M
n
are treated in [1] and [20].
Plan of the paper
In Section 1 we sketch the construction of rational pleating rays in M due to
Keen and Series [6],[7], and dene extended rays. In Section 2 we consider disk-
preserving subgroups of G[] for parameters  that are contained in an extended
rational pleating ray, and derive a necessary condition for the discreteness of G[].
Sections 3 and 4 are concerned with modifying the denitions of pleating rays and
circle chains of Wright [25] to the case of groups with elliptic elements. In the end
of Section 4 we prove Theorems 6.5 and 6.6 for p=q 2 Z. Sections 5 and 6 contain
the proofs of the main results. The proof of Theorem 6.5 is split in to two parts, the
rst part (Theorem 5.1) is an application of Maskit's second combination theorem
[17] that reduces the proof of Theorem 6.5 to nding a circle chain with a number
of special properties. This chain is then constructed in Section 6.
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Notation
For the convenience of the reader we list here some of the most frequently used
notations and conventions used in this article:
b
C The extended complex plane C [ f1g,
H the upper half plane fz 2 C : Im z > 0g,
H
3
the upper half space C  ft 2 R : t > 0g,
PSL(2; C ) the projective special linear group of complex 2 2 matrices
identied with the group of Mobius transformations of
b
C ,
(G) The limit set of the Kleinian group G,

(G) The set of discontinuity of the Kleinian group G.
If X
1
and X
2
are Mobius transformations, we denote the group they generate
by hX
1
; X
2
i. Similarly, hG;Xi denotes the group generated by the elements of the
group G and the Mobius transformation X. W
p=q
[X
1
; X
2
] denotes a special word
in the transformations X
1
and X
2
, see Section 1 for details and references.
We also use the following notations: Dened:
M Maskit's embedding of T (1; 1) Introd.
M
n
'Maskit-type' embedding of the deformation space
of terminal Koebe groups of type (1; 1) Section 3
P
p=q
The p=q pleating ray in M Section 1
P
+
p=q
The extended p=q pleating ray for M Section 1
P
n
p=q
The p=q pleating ray in M
n
Section 4

p=q
The unique nite point in P
p=q
\M Section 1

p=q
(n) A point in P
+
p=q
such that j trW
p=q
j = 2 cos(=n) Section 1

p=q
The unique nite point in P
p=q
\M
n
Section 1
Further conventions.  denotes a parameter in the complex plane containingM .
 denotes a parameter in the complex plane containing M
n
, where n = 2; 3; 4; : : : .
If a Mobius transformation X or a group G depends on a parameter , this depen-
dence is denoted by X[] or G[], respectively.
1. Extending rational pleating rays of M
Keen and Series studied the Maskit embedding in [7]. They related the param-
eters in M to the geometry of the quotient of H
3
. In this section we sketch the
denition of a rational pleating ray and dene an extension of rational pleating rays
into the complement of M .
Free homotopy classes of simple closed curves on a punctured torus, and the
corresponding group elements, special words in the generators S and T [], can be
enumerated by Q [ f1g. The special words
W
p=q
= W
p=q
[] =W
p=q
[S; T []]
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can be dened inductively using the Farey sequence as follows (see [7], Osborne and
Zieschang [19], or Cohen, Metzler and Zimmermann [3] for details): Two rational
numbers p=q and p
0
=q
0
are called neighbors if
pq
0
  p
0
q = 1:
First set
W
1=0
=W
1
= S
 1
and W
0=1
=W
0
= T:
If a=b < c=d are neighbors, set
W
(a+c)=(b+d)
=W
c=d
W
a=b
:
For each rational number p=q we consider the set
e
V
p=q
where the word W
p=q
[]
has real trace. We call any curve in the free homotopy class of the simple closed
geodesic 
p=q
on 

0
[]=G[] determined by W
p=q
a p=q -curve.
Keen and Series [7] used the geometry of the boundary of the convex core of the
3-manifold M = H
3
=G[] to parameterize M : Let @ C
0
= C
0
[] be the component
of the hyperbolic convex hull of the limit set (G[]) that lies above the invariant
component 

0
. The limit set, and thus its convex hull is G[] invariant, so G[] acts
on @ C
0
. The quotient surface @ C
0
=G[] is a pleated surface in the sense of Thurston
[23], topologically it is a punctured torus. It inherits a geometric structure from
the embedding of @ C
0
in H
3
, in which it is planar outside a geodesic lamination.
The p=q (rational) pleating ray P
p=q
is dened in [7] as the locus of  2M for
which the surface @ C
0
=G[] is pleated along the p=q curve. The space PML of
projective measured laminations on a punctured torus can be identied with
b
R =
R [ f1g. Keen and Series [9] showed that the map pl : T (G) !
b
R dened by
mapping a parameter  to the pleating lamination of @ C
0
=G[] is continuous.
A rational pleating ray P
p=q
can be characterized as the unique asymptotically
vertical connected component of
e
V
p=q
\M :
The pleating ray P
p=q
is homeomorphic to the real line and it ends at a cusp 
p=q
on @M . In this note we consider an extension of the ray across the boundary of
M :
1.1. Denition. P
+
p=q
, the connected component of
P
p=q
[
n
 2
e
V
p=q
\ (H nM ) : j trW
p=q
j > 0
o
containing P
p=q
is the extended p=q ray.
1.2. Remark. The trace function may have a critical point close to the boundary
even at 
p=q
, that is, P
+
p=q
might have a branching point. The somewhat awkward
denition of the extended ray is used in this form so that we only get the correct
ray corresponding to the pleating ray insideM .
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1.3. Lemma. There are points 
p=q
(n) 2P
+
p=q
for all large values of n such that
W
p=q
[
p=q
(n)] is elliptic of order n, and
lim
n!1

p=q
(n) = 
p=q
:
Proof. The function  7! trW
p=q
[] is holomorphic. Thus, the image of a small
neighborhood of 
p=q
covers a small neighborhood of trW
p=q
= 2, thus for large
n the values trW
p=q
[] = 2 cos(=n) are attained. 
In most of what follows we aim at proving that that for large n the groups
G[
p=q
(n)] are discrete. The method is based on a 'reconstruction' of G[] starting
from a Fuchsian subgroup. We can only nd a subgroup like this for rational rays,
and do not know how to treat groups corresponding to parameters that are not
contained in an extended rational ray. However, we have the following result as an
application of Jrgensen's inequality [4]:
1.4 Proposition. For each 
p=q
(n) there is an open neighborhood U
p=q
(n) such
that if  2 U
p=q
(n), then G[] is not discrete.
Proof. Consider the subgroup
H
p=q
(n) = hK;W
n
p=q
i;
where

 3 2
 2 1

:
By Jrgensen's inequality [4] Lemma 1, we know that if
j tr(KW
p=q
[]
n
K
 1
W
p=q
[]
 n
  2j < 1;
then either H
p=q
(n) is elementary or it is not discrete. If mu = 
p=q
(n), then
KW
p=q
[]
n
K
 1
W
p=q
[]
 n
is the identity, and H
p=q
(n) = hKi is discrete. IfW
p=q
[]
is loxodromic, H
p=q
(n) cannot be elementary. Also, if KW
p=q
[]
n
K
 1
W
p=q
[]
 n
is
elliptic, then it has to be of order 2, 3, 4, or 6 by the classication of elementary
groups (see Maskit Section V.D). The combination of these observations gives the
desired neighborhood. 
2. A necessary condition for discreteness of G[]
In this section we restrict to a subgroup F of G[] that preserves a circle, and
nd the values of  2 P
+
p=q
for which this subgroup is discrete. In [7] Keen and
Series consider the following subgroup of G[] for parameters  2M : Let p=q and
r=s > p=q be Farey neighbors, and set
F = F
p=q;
= hW
p=q
;W
 1
r=s
W
 1
p=q
W
r=s
i:
They show that if  2 P
p=q
, then F
p=q
is a Fuchsian group of the second kind,
that represents a punctured cylinder with boundary geodesics of equal length. For
parameters in the extension of the p=q ray we have:
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2.1. Proposition. Let  2 P
+
p=q
nM . If G[] is discrete, then j trW
p=q
j =
2 cos(=n) for some n = 2; 3; : : : .
The proof of the Proposition is divided into two Lemmas. The rst one is an
analog of Proposition A.1 of [7].
2.2. Lemma. If  2P
+
p=q
and trW
p=q
= 2 cos(=n) for some n 2 N, n  2, then
F = F
p=q;
is a triangle group of signature (n; n;1).
Proof. The elementsW
p=q
,W
 1
r=s
W
 1
p=q
W
r=s
and their product K all have real traces.
If n  3 it follows from Beardon [2] (Proof of Theorem 5.2.1) that F preserves a
disk D. The quadrilateral with vertices at the xed points ofW
p=q
,W
 1
r=s
W
 1
p=q
W
r=s
,
K and
e
K =
e
K
p=q
=W
p=q
KW
 1
p=q
in D satisfy the conditions of Poincare's theorem. If n = 2 we do not get a group
that acts on a disc, but an innite dihedral group acting on C . 
W
~
W W
~
W
(a) (b)
Figure 1. The Ford fundamental polygon of (a) a triangle group of
signature (n; n;1) acting in D , and (b) the Euclidean triangle group of
signature (2; 2;1) acting in C .
Let G be a Kleinian group. An elliptic Mobius transformation g 2 G is a
primitive element of G , if it is conjugate to a rotation by 2=n, n 2 Z, and if any
elliptic element in G with the same xed points as g is a power of g.
2.3. Lemma. If  2 P
+
p=q
and trW
p=q
2 ( 2; 2) n f2 cos(=n) : n 2 N ; n  2g,
then F = F
p=q;
is not discrete.
Proof. If W
p=q
is an innite order elliptic, the group is trivially non-discrete, so we
can assume W
p=q
is a non-primitive elliptic. Let W
prim
be a primitive generator of
hW
p=q
i. F has parabolic elements, so any fundamental polygon has cusps extending
to the circle at innity. The commutator relation implies that the isometric circles
of W
p=q
and W
 1
r=s
W
 1
p=q
W
r=s
are tangent at the xed points of K and
e
K. Clearly
the isometric circles of W
1
prim
and W
 1
r=s
W
1
prim
W
r=s
intersect inside D. The Ford
fundamental region of F would thus be bounded away from the circle at innity,
which is impossible because there are parabolic elements in the group. 
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3. Koebe groups of type (1; 1;1)
In this Section we introduce parameter spaces similar to the Maskit embedding
for a class of geometrically nite Koebe groups that represent a punctured torus
on their invariant component. Koebe groups representing Riemann surfaces with
cone points and punctures, and their deformation spaces were treated in [20]. We
are able to simplify some of the expressions of [20] considerably by restricting to
the case of the punctured torus.
These groups are introduced here for the following reason: In Theorems 4.8 and
6.5 we prove that the groups G[
p=q
(n)], in the cases we can show that they are
discrete, are HNN-extensions of triangle groups of signature (n; n;1). In fact,
in Theorems 4.11 and 6.6 we are able to show that G[
p=q
(n)] is conjugate by a
Mobius transformation to a group corresponding to a boundary point of one of the
deformation spaces, M
n
introduced in this Section.
The following denition is due to Maskit:
3.1 Denition. A Kleinian group G that has an invariant component 

0
 
(G)
is called a Koebe group if any other component 
0
 
(G) n 

0
is a round disc.
If the stabilizers of the disk components are hyperbolic triangle groups, the Koebe
group is terminal.
3.2. Remark. This is a large class of groups, containing b-groups (simply con-
nected invariant component) and (quasi-)Fuchsian groups (two invariant compo-
nents). Here Koebe group usually means a Koebe group that is not a b-group.
The groups we consider are extensions of triangle groups: Let F
n
, 2  n  1, be
a triangle group of signature (n; n;1). If n > 2 F
n
is a hyperbolic triangle group,
F
2
is the innite dihedral group acting on C . Let A and B be canonical generators
for F
n
, that is, for 2  n <1, A and B are primitive elliptic elements in F
n
with
the presentation
F
n
= hA
n
; B
n
: A
n
n
= B
n
n
= id; K
n
= A
n
B
n
parabolici;
and for n =1, A
1
and B
1
are primitive parabolics in F
1
with the presentation
F
1
= hA
1
; B
1
: A
1
; B
1
; and K
1
= A
1
B
1
parabolici:
We wish to construct a group hF
n
; Ci that realizes the following gluing construc-
tion: Let X be a component of the quotient 
(F
n
)=F
n
. We cut out disks around
the special points/punctures on X corresponding to the generators A
n
and B
n
, and
glue the boundaries of the remaining surface together, thus producing a punctured
torus. It is relatively easy that this is achieved by adding a new generator C
n
[ ]n
satisfying
C
n
[ ]
 1
A
n
C
n
[ ] = B
 1
n
:
There is a one complex parameter family of transformations C
n
[ ] satisfying this
condition. Set
G
n
[ ] = hF
n
; C
n
[ ]i:
If we choose a normalization for our groups we can be more explicit:
The extensions of the torsion-free triangle group F
1
are groups of the form
G[] = G
1
[] = hS;
e
Si
T []
= hS; T []i:
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It was shown in [10] that for Im > 2, G[] is a terminal b-group uniformizing a
punctured torus. The Maskit embedding M is the open set of parameters  2 H ,
containing fj Im > 2g for which G[] is a terminal b-group. For these parameters
G[] = F
1

C
1
[]
:
Let 3  n <1. After normalization we can assume that F
n
is generated by two
elliptic transformations
A
n
=
 
e
 i=n
0
0 e
i=n
!
;
and
B
n
=
 
i sin(=n) coshd
n
  cos(=n)  i sin(=n) sinh d
n
i sin(=n) sinhd
n
 i sin(=n) coshd
n
  cos(=n)
!
=
 
2i= sin(=n)  e
i=n
 2i cot(=n)
2i cot(=n)  2i=sin(=n)  e
 i=n
!
:
where
d
n
= arcosh
cos
2
=n+ 1
sin
2
=n
= 2arcosh
1
sin(=n)
is the hyperbolic distance between the xed points of A and B in D . Now
C
n
[ ] =
0
@
 sinh(d
n
=2)   cosh(d
n
=2)
1

cosh(d
n
=2)  
1

sinh(d
n
=2)
1
A
=
 
 cot(=n)  = sin(=n)
1=( sin(=n))   cot(=n)=
!
:
It was shown in [20] that for
j j > coth(d
n
=4) =
1 + sin(=n)
cos(=n)
;
the group
G
n
[ ] = hF
n
; C
n
[ ]i
is a Koebe group that represents a punctured torus on its invariant component,
and that the map G
n
[ ] 7! 
2
is a global coordinate for the deformation space of
any xed Koebe group G
n
[
0
].
3.3. Denition. We denote the image of the deformation space of G
n
[
0
] byM
n
.
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Figure 2. The limit set of a Kleinian group fromM
4
corresponding to
the parameter  = 2:1 + 0:3 i.
  .0
  .0
One tick = 10^  0
MU       =   .0500000000+i   .9300000000 Special words:  a AB b abAB
eps     =        .0100000000 bound  =    50.0000000000
No. of limit points:    58549   Max. level =      110
No. of limit points:    58549   Max. level =      110
Figure 3. This picture shows a 2 to 1 covering of M
21
with the lifts
of integral pleating rays P
21
m
, m = 0; 1; : : : ; 20. See Remark 3.4(2) for
more details.
The extensions of the innite dihedral group F
2
are not that important for the
rest of the paper, but it is interesting to note the same constructions as in the
case of hyperbolic triangle groups can be performed. F
2
can be generated by two
elliptics of order 2 (half turns)
A
2
=

i 0
0  i

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and
B
2
=

i  2i
0  i

:
The xed points of the generators are xA
2
= f0;1g and xA
2
= f1;1g. The
gluing construction is realized by adding a new generator C
2
[ ] that conjugates
the generators A
2
and B
2
and maps the xed points as follows: C
2
[ ](0) = 1,
C
2
[ ](1) = 1:
C
2
[ ] =

  1=
  0

:
It can be shown (as in [20] for hyperbolic triangle groups) that for large j j > 2,
G
2
[ ] = hF
2
; C
2
[ ]i
is a discrete group with a connected set of discontinuity such that 
(G
2
[ ])=G
2
[ ]
is a punctured torus, and that the map G
2
[ ] 7! 
2
is a global complex analytic
coordinate in the deformation space of the group G
2
[
0
] for any 
0
that gives a
group uniformizing a punctured torus.
As in the case n > 2 we denote the image of the deformation space of G
2
[
0
] by
M
2
.
3.4. Remarks. (1) The proof of Theorem 1 of [20] can be used to show thatM
2
is
naturally isomorphic to the Riley slice R of Schottky space treated in [8].
(2) Figure 3 shows a 2  1 regular covering of the deformation space M
21
: The
plotted parameter is i trC

= i sinh(d
n
=2) (   1=). M
n
 f
2
: j j > 1g, and the
map  7!   
1

maps the outside of the unit disk injectively onto the complement
of the interval [ 2i; 2i].
f 2 C : j j > 1g
 7! 
1

     !
1 1
C n [ 2 sinh(d
n
=2); 2 sinh(d
n
=2)] 

trT [ ] : 
2
2M
n
	
z 7!z
2
?
?
y
1 2
f : j j > 1gM
n
Thus, it is clear that the map trC[ ] 7! 
2
is 2 to 1 from

trT [ ] : 
2
2M
n
	
.
If 
2
2M
n
, n nite, the invariant component 

0
of G
n
[ ] is innitely connected.
There are homotopically nontrivial simple closed curves in 

0
that are stabilized by
conjugates of the nite cyclic group generated by A
n
. These loops project n-to-1
to a non-dividing simple closed geodesic  on the punctured torus 

0
=G
n
[ ]. Thus
the deformation space T (G
n
[ ]) is T (1; 1) factored by the action of the subgroup
of the modular group generated by the nth power of the Dehn twist along this
special curve. Complex analytically T (G
n
[ ]), 2  n <1, is a punctured disk, in
M
n
the puncture is 1. More detailed treatments of these deformation spaces can
be found in [1] and [20]
4. Circle chains and rational pleating rays
for deformation spaces of Koebe groups
In this section we sketch, following [7] and [8], the denitions and basic properties
of rational pleating rays forM
n
, 3  n <1. The introduction of pleating structure
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allows us to state and prove Theorem 6.6 that identies the groups in H nM
that are discrete by Theorem 6.5, as groups that appear in the boundary of these
deformation spaces as the endpoints of properly chosen rational pleating rays. The
corresponding structure for M = M
1
was given dened in [7]. Keen and Series
treated the pleating structure of the Riley slice R in [8]. By Remark 3.4(1) we
can use this to dene the pleating structure on M
2
. For the purpose of proving
Theorem 6.6 the case n  3 is the most important, and we concentrate on that.
The development follows [7] closely and we omit most of the details.
Let G
n
[ ] = hA
n
; C[ ]i be a Koebe group uniformizing a punctured torus. Let
W
p=q
[A
n
; C[ ]] be the group element in G
n
[ ] corresponding to the word in A
n
and
C[ ] formed by the Farey procedure as in Section 1. Clearly some of the dierent
words project to the same group element, that is, we do not get a 1-1 correspondence
between the elements represented by the words W
p=q
and free homotopy classes of
simple closed curves on the punctured torus. However, the identications take place
in a controlled manner, and we have
4.1. Lemma. W
p=q
[A
n
; C[ ]] = W
p
0
=q
0
[A
n
; C[ ]] if and only if p
0
=q
0
= p=q + kn
for some k 2 Z.
Proof. The p=q words have the following nice property (See Osborne and Zieschang
[19], Theorem 3.5):
W
p=q+m
[X;Y ] = W
p=q
[W
m
[X;Y ];W
m+1
[X;Y ]]:
Using this and the fact W
m
[X;Y ] = X
 1
Y shows that it is enough to prove that
if 0 < p=q < p
0
=q
0
< 1, then W
p=q
[A
n
; C] 6= W
p
0
=q
0
[A
n
; C], but this is clear, as A
n
only appears in the powers 0 and  1 for these words, and the fact that A
n
n
= id
causes no reductions. 
For the rest of this section rational numbers p=q should be thought of as points
in Q=nZ. Lemma 4.1 implies that we get an enumeration by Q=nZ of the set of
equivalence classes of free homotopy classes of simple closed curves on the punc-
tured torus, where the equivalence relation is generated by the relation 
n
,  being
the simple closed curve on the torus corresponding to the elliptic element A
n
. Ac-
cordingly, we call any simple closed curve in the class of the projection of W
p=q
a
p=q mod nZ-curve, or a p=q-curve.
For each p=q 2 Q=nZ we dene the p=q pleating ray for the group G
n
[ ] to be
P
n
p=q
=


2
2M
n
: @ C
0
(G
n
[
2
])=G
n
[
2
] is pleated along a p=q mod nZ-curve
	
:
As in the case of terminal regular b-groups it follows from [7] Lemma 4.6 that each
rational ray is contained in the real locus of the trace of the special word W
p=q
P
n
p=q

e
V
n
p=q
=


2
2M
n
: trW
p=q
2 R
	
:
If a class contains a curve corresponding to W
p=q
, for which p=q 2 Z, all curves
in the class correspond to integral values of p=q. Thus, we call P
n
m=1
an integral
pleating ray. We can generalize the concept of circle chains used by Keen{Series
and Wright:
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4.2. Denition. Let G = hF
n
; Ci be a group of Mobius transformations (not
necessarily discrete), where F
n
= hA
n
; B
n
i as earlier, and C is a transformation
satisfying
C
 1
A
n
C = B
 1
n
:
Let W
p=q
= W
p=q
[A;C]. A collection f
i
g, i 2 Z mod nq of closed, round disks is
a combinatorial p=q chain if it satises the following conditions:
(1) 
0
is tangent to (F ), the limit set of F , at the xed point of the parabolic
element
K =W
p=q
W
 1
r=s
W
 1
p=q
W
r=s
;
(2) W
p=q

0
= 
0
,
(3) C(
j
) = 
j+p
for all j = 0; : : : ; q,
(4) A(
j
) = 
j+q
for all j = 0; : : : ; p, and
(5) 
i
6= 
j
if j 6= i.
We say the chain connects xK to A(xK). The chain is tangent if the If the
interiors of the disks are pairwise disjoint but 
i
and 
i+1
are tangent. If we know
that the group is discrete, we say that the chain is proper if the interiors of the
disks 
i
are contained in 
(G) for all i, adjacent disks 
i
and 
i+1
intersect for all
i, and int 
i
\ int 
j
= ; for ji  jj > 1.
4.3. Remarks. (1) The combinatorial p=q chain is associated to a group with a
xed pair of generators. For a dierent choice of generators there may be a chain
with dierent combinatorics, this is used in the proofs of Theorems 4.11 and 6.6,
see also McShane, Parker and Redfern [18].
(2) Note that we do not require that the triangle group be hyperbolic. For n = 2
the special word W
p=q
is an elliptic of order 2, and F
2
is the innite dihedral group.
(3) The disks 
0
; : : : 
p+q 1
form a combinatorially interesting set: This part can
be generated starting from 
0
by the following process:
(i) If 0  i < q, set 
i+p
= T (
i
),
(ii) If q  i < p+ q, set 
i q
= S
 1
(
i
).
(4) Unlike Keen and Series [7] we do not require that the group G is discrete.
In fact, we use the existence of special circle chains to prove that the group G[]
dened in Section 1 is discrete for a number of the parameters  found in Lemma
1.3.
In [7] proper chains were used to analyze the structure of the invariant sets of
terminal b-groups and the geometry of their convex hulls. Wright [25] used tangent
chains to construct fundamental sets for groups on the boundary of M .
Using the methods of [7] we get the following properties of circle chains and
rational pleating rays in M
n
:
4.4. Lemma. The group G
n
[ ] has a proper p=q chain if and only if 
2
2P
n
p=q
.
Proof. [7] Proposition 4.11.
4.5. Lemma. Let 0  m < n. The integral pleating ray P
n
m=1
is the radial line
P
n
m=1
=M
n
\
n

2
= t
2
e
 i2m=n
: t > 0
o
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in T (G
n
[ ]).
Proof. It is easy to check that
W
m=1
=

e
im=n
sinh(d=2) 
  e
 im=n
sinh(d=2)=

;
so if we write  = te
i'
, we get
Im trW
m=1
=

t+
1
t

sinh(d=2) sin ('+ m=n) :
Thus
e
V
n
m=1



2
2M
n
: arg(
2
) =  2m=n
	
:
It remains to show the existence of an m=1 chain. Here we can follow the argument
of [7] Lemma 5.2. 
For the real locus of the trace of the general p=q-word we have (as in [7] Lemma
5.3)
4.6. Lemma. Let 0 < p=q < n, n =2 Z. In the sector


2
2M
n
:  2(k + 1)=n  arg 
2
  2k=n
	
the real locus
e
V
n
p=q
is asymptotic to the line


2
2M
n
: arg 
2
=  2p=(qn)
	
:
Proof. An easy induction argument as in [7] Proposition 3.1 shows that
W
p=q
=
 
e
p i=n

q
sinh(d=2)
q
+ O(j
q 1
j) O(j j
q
)
O(j j
q 2
) O(j j
q 2
)
!
as j j ! 1. When j j ! 1 the condition trW
p=q
2 R approaches
arg 
2
=  2p=(nq): 
To show that the pleating ray is in the correct sector in M
n
we need the con-
tinuity of the pleating map [9] Theorem 4. We denote by PML the space of
projected measured laminations on the once-punctured torus. This space is the
completion of the space of simple closed geodesics in the punctured torus with the
topology induced from the embedding in
b
R dened by the words W
p=q
, thusPML
is canonically identied with
b
R = S
1
.
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4.7. Lemma. Let 0 < p=q < n, n =2 Z. Then P
n
p=q
, n  3, is contained in
V
n
p=q
=
n

2
2
e
V
n
p=q
\M
n
:  2(k + 1)=n  arg 
2
  2k=n
o
;
where k is the integral part of p=q mod n.
Proof. The map pl : M ! PML =
b
R that maps the parameter 
2
in the defor-
mation space to the pleating locus of @ C
0
is continuous, see Keen and Series [9]
Theorem 4, and [7] Theorem 4.5. Also, pl(M ) = R 
b
R .
The Dehn twist along the geodesic  corresponding to the element S 2 G[],
denoted by Dehn, acts on both M and PML , and the actions are compatible:
Dehn

() = + 2; Dehn

(r) = r + 1
for  2 M , r 2 PML =
b
R . Note that Dehn

xes 1 2 PML and acts freely
discontinuously in pl(M ) = R. Thus the pleating map pl
n
: M ! S
1
becomes well
dened and continuous:
M
pl
    ! R 
b
R =PML
projection
?
?
y
?
?
y
projection
M
n
pl
n
    ! S
1
By lemma 4.5 we know that the integral pleating rays P
n
m
 M
n
are exactly the
radial lines of argument  i2m=n.
The claim follows from these facts by considering the restriction of pl
n
to a
circle with radius big enough so that it is contained inM
n
: Continuity implies that
P
n
p=q
is non-empty and it has to be in the unique sector between P
n
k
and P
n
k+1
containing no integral rays. 
Combining these observations with the analysis of Keen and Series [8], [7] Section
5 we get
4.8. Theorem. For p=q 2 Q=nZ the pleating ray P
n
p=q
coincides with the branch
of
e
V
n
p=q
with asymptotic argument arg 
2
=  2ip=(qn). This branch contains
no singularities and P
n
p=q
\ @M
n
consists of a single point 
p=q
such that the
transformation W
p=q
[A
n
; C
n
[
p=q
]] is parabolic. Furthermore, the group G
n
[
p=q
] is
geometrically nite, and it has a tangent circle chain connecting xK
n
to A
n
xK
n
.
4.9. Remark. One can dene extended rational pleating rays for M
n
as was done
in Section 1 for M and ask if there is a result analogous to Theorem 6.5 for these
rays. However, we do not pursue this, because the method we use in Sections 5 and
6 to treat discreteness of the groups on the extensions cannot be used; The method
relies on the fact that hS;
e
Si is a subgroup of G[] for any parameter  2 C .
We now prove a special case of our main Theorems: The integral rays, that is
the pleating rays P
m=1
= P
m
, m 2 Z are relatively easy to handle, they are the
extended m=1 ray is the line fz : Im z = 2mg, and the only possible values of  on
these rays for which G[] is discrete are clearly of the form

m
(n) = 2m+ 2i cos(=n):
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The following theorem shows that, in fact, all these parameters give discrete groups
and describes the quotient Riemann surfaces of these groups. This result will be
generalized in the nal section, where we treat all rational pleating rays. However,
for non-integral rays the result is much more dicult to prove by our method, and
we only get a local result. The following sections develop the machinery required
for non-integral rays.
4.10. Theorem. Let 
m
(n) = 2m+ 2i cos(=n). Then
(1) G[
m
(n)] is discrete and geometrically nite,
(2) G[
m
(n)] = hT [
m
(n)]; S
 1
T [
m
(n)]Si
S
,
(3) if n  2, then 
(G[
m
(n)])=G[
m
(n)] consists of a punctured sphere and a
sphere with one puncture and two elliptic points of order n,
(4) 
(G[
m
(2)])=G[
m
(2)] is a thrice punctured sphere.
Proof. The groups G[
m
(n)], m 2 Z are all isomorphic to G[
0
(n)]. Thus, it is
enough to consider the parameters 
0
(n) = 2i cos(=n). Let T = T [2i cos(=n)]. T
is an elliptic of order n. By Lemma 2.2 we see that the group
F = hT; S
 1
T
 1
Si
is a triangle group of signature (n; n;1).
Case n > 2: The set
F =
b
C n
 
fz : jzj  1g [ fz : jz + 2i cos(=n)j  1g
[ fz : jz + 2j  1g [ fz : jz + 2 + 2i cos(=n)j  1g

is a fundamental polygon for the action of F on

(F ) =
b
C n fz : jz + 2 + i cos(=n)g:
Let
D
1
= fz : Re z <  2g; D
2
= fz : Re z > 0g:
It is easy to see that T preserves D
2
. Also, since F \D
2
is a fundamental polygon
for the action of hT i in D
2
, D
2
is precisely invariant under hT i by Maskit [16] II.I.3.
Also, S(intD
1
) = extD
2
. We will now apply Maskit's second combination theo-
rem (Version IV), [17]. The assumptions of the combination theorem are satised:
T (intD
1
) = extD
2
, and for the sets 
1
and 
2
in the combination theorem we can
clearly choose

1
= fS
 1
T
i
S(1) : i = 1; 2; : : :ng;
and

2
= fT
i
(1) : i = 1; 2; : : :ng = S(
1
):
The statements now follow directly from the second combination theorem.
Case n = 2: The argument of the case n > 2 applies with the following mod-
ications: Now T (z) = 1=z, and the group F is the innite dihedral group. The
set
F =
b
C n
 
fz : jzj  1g [ fz : jz + 2j  1g

is a fundamental polygon for F acting on
b
C n f 1g. 
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-1 -1
S  T  S T
S
Figure 4. The construction of the fundamental set in Theorem 4.10 for
n  3.
4.11. Theorem. Let 
m
be the unique boundary point of M on P
n
m
. Then there
is a Mobius transformation  such that G
n
[
m
]
 1
= G[
m
(n)]
Proof. Let  be the Mobius transformation that satises
(ie
 i=n
  2) = 0; (ie
i=n
  2) =1; and ( 1) = e
 i=n
:
Now it is a routine calculation to check that
(S
 1
T
 1
S)
 1
=A
n
;
T
 1
=B
n
;
S
 1
=C
n
[
0=1
];
where

2
0=1
=
1+ sin(=n)
1  sin(=n)
is the boundary point of the 0=1 pleating ray P
n
0=1
in M
n
. 
5. Tangent circle chains and discreteness
In this Section we prove theorem 5.1, a technical result used in the proof of
Theorem 6.5. We show how to use the existence of a tangent circle chain and
Maskit's second combination theorem [17] to establish the discreteness of a group
of the form G = hF
n
; Ci. Clearly, there can be non-discrete groups that possess
tangent circle chains. We will work with tangent circle chains that satisfy the
additional property
() 
i
\ 
j
= ; if ji  jj > 1:
In Proposition 6.3 we show that the circle chains of cusp groups G[
p=q
] satisfy ().
In the proof of Theorem 6.5 we produce circle chains satisfying () for parameters
on P
+
p=q
by perturbing the chains of G[
p=q
].
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Let 
i
, i 2 Z mod n be a tangent p=q circle chain for G satisfying (). Let 
i
be the unique circular arc orthogonal to @ 
i
connecting the points of tangency of

i
with 
i 1
and 
i 1
, i 2 Z mod n. Let
W
A
=
[
i2Z mod n

i
:
Let
(y) W
B
= C
 1
(W
A
):
Condition () implies thatW
A
and W
B
are Jordan curves. Let D
A
be the component
of
b
C n W
A
contained in the same component of
b
C n (F ) as W
A
. Let D
B
be the
component of
b
C nW
B
contained in the same component of
b
C n (F ) as W
B
.
5.1. Theorem. Let G = hF;Ci, where F = hA;Bi is a triangle group of signature
(n; n;1), and C a transformation satisfying
C
 1
AC = B
 1
:
If G has a tangent p=q- chain satisfying () such that
(i) the interiors of the disks D
A
and D
B
are disjoint, and
(ii) the transformations W
p=q
[A;C] are parabolic,
then
(1) G = F
C
,
(2) G is discrete,
(3) G is geometrically nite,
(4) If n > 3, 
(G)=G = S
1
[ S
2
, where S
1
has signature (0; 3;n; n;1), and S
2
has signature (0; 3;1;1;1). If n = 2, then 
(G)=G = S
2
.
The proof of this theorem is an application of Maskit's second combination the-
orem [17]. The following denition is from Maskit [16]:
5.2. Denition. Let   be a Kleinian group, J
1
, J
2
subgroups, and C a loxodromic
transformation such that CJ
1
C
 1
. Three disjoint nonempty sets (X
1
; X
2
; Z) form
an interactive triple for ( ; C) (or ( ; J
1
; J
2
; C)) , if
(1) X
1
is precisely invariant in   under hJ
1
i,
(2) X
2
is precisely invariant in   under hJ
2
i,
(3) C(Z [X
2
)  X
2
and C
 1
(Z [X
1
)  X
1
,
(4) For all g 2   g(X
1
)  Z [X
1
, and g(X
2
)  Z [X
2
.
The interactive triple (X
1
; X
2
; Z) is proper if Z n  (X
1
[X
2
) 6= ;.
5.3. Lemma. Let D
A
, D
B
, F and C be as in Theorem 5.1. Then
(intD
A
; intD
B
;
b
C n (D
A
[D
B
))
is an interactive triple for (F;C).
Proof. Property (3) is true by assumption of the Theorem. Also, it is clear that D
A
is A-invariant, and that D
B
is B-invariant. By Maskit [16] Propositions VII.E.3
and VII.E.4 it is enough to show that D
A
is precisely hAi invariant and that D
B
is
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  .00
 1.00
One tick = 10^ -1
Figure 5. The circle chain for G[
21=229
]. The curve W
A
intersects the
disk fjz  
1
2
j <
1
2
g. One obtains the fundamental set P by adding the
set D
A
\ fjz  
1
2
j <
1
2
g to the standard fundamental polygon P
0
=

z 2 C :  1  Im z < 1; jz +
1
2
j 
1
2
; jz  
1
2
j >
1
2
	
and by removing its
image B
 
D
A
\ fjz  
1
2
j <
1
2
g

.
precisely hBi invariant in F , that is, for all g 2 F n hAi g(intD
A
)\ intD
A
= ;, and
similarly for D
B
. By Maskit [16] Proposition II.I.3 it is enough to show that there
is a fundamental set P for F such that P \D
A
is a fundamental set for the action
of hAi in intD
A
.
We use the fact that B = C
 1
A
 1
C: By assumption C(D
A
)  D
A
. By A
invariance A
 1
C(D
A
)  D
A
. Now A
 1
C(
q 1
) = 
p 1
. Thus, C
 1
A
 1
C(
q 1
)
meets W
B
, but not W
A
. Similarly, we see that for all i = 1; : : : ; q   1 the part
of the boundary of D
A
inside 
i
is mapped by B into the part of the boundary
of W
B
not touching W
A
. For B
 1
we have the corresponding result by the same
kind of reasoning: For i = 1; : : : ; q   1, we have AC(
i
) = 
p+q+i
. As i > 0, the
combinatorics of the p=q chain gives that the part of W
A
inside 
i
is mapped into
the part of W
B
not touching W
A
. Thus we have that the images B
1
(intD
A
) are
disjoint from D
A
. We can now modify the 'standard' fundamental polygon of the
triangle group F to obtain the required fundamental set (See Figure 5). 
Next we will modify the Jordan curves so that they meet the requirements of
the fourth version of Maskit's second combination theorem [17]: W
A
and W
B
are
only allowed to meet at the points of tangency of the disks 
0
; : : : ; 
q
, not along a
union of circular arcs as above. If p=q 2 Z, W
A
and W
B
are round disks and we do
not change them. Let p=q 2 Q n Z. As groups without reference to a specic pair
of generators G[] = G[+ 2i], and we can thus assume 0 < p=q < 1.
Let  be a directed geodesic in D connecting the points z
1
and z
2
on @ D , z a
point on , and  > 0. Let z() be the point on the geodesic perpendicular to  at
z that lies the distance  to the right from z. We denote by () the union of the
geodesic arcs connecting z
1
to z() and z() to z
2
.
Enumerate the arcs e
i
that make up W
B
so that e
i
 
i
for i = 1; : : : q 1. In the
modication process we go through the disks 
0
; : : : ; 
q
respecting the combinatorics
described in Remark 4.3(3), we replace W
A
by W
0
A
and W
B
by W
0
B
as follows: Let
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  
  


  z
z
γ(ε)
z
(ε)
z1
2
γ
Figure 6. The modication of W
A
inside a disk of the circle chain.
 > 0. Think of each 
i
as the hyperbolic plane, and orient the geodesic 
i
so that
it starts at 
i 1
\ 
i
and ends at 
i
\ 
i+1
. First set e
0
0
= 
0
, 
0
p
= C(e
0
p
) = 
p
. As
the rst modication set e
0
p
= 
p
(). Go through the chain as follows: Assume you
have made the modication inside 
i
, and that e
0
i
= 
p
(k). There are three cases:
(1) If i+ p < q set 
0
p+i
= C(e
0
i
), e
0
i+p
= 
i+p
((k+1)). Continue modication.
(2) If i + p > q set 
0
p+i q
= A
 1
C(e
0
i
), e
0
i+p q
= 
i+p
((k + 1)). Continue
modication.
(3) If i+ p = q set e
0
q
= 
p
((k + 1)). Now we have changed
After these modications we set
W
0
A
=
[
n2Z
q
[
i=1
A
n
(
0
i
); W
0
B
=
[
n2Z
q 1
[
i=0
B
n
(e
0
i
):
It is clear from the construction that we can choose  in such a way that the curves
W
0
A
and W
0
B
satisfy the same mapping properties with respect to G and C as the
original curves W
A
and W
B
. To complete the modication we replace D
A
and D
B
by D
0
A
and D
0
B
such that @D
0
A
= W
0
A
and @D
0
B
= W
0
B
. Clearly, as in Lemma,

intD
0
A
; intD
0
B
;
b
C n (D
0
A
[D
0
A
)

is an interactive triple.
Proof of Theorem 5.1. Claims (1)  (3): In the notation of Maskit's second combi-
nation theorem (Version IV) [17], Section II,
G
0
= F; hBi = J
1
; hAi = J
2
;
f = C; B
1
= D
0
B
; and B
2
= D
0
A
:
Set

A
=
[
i2Z
A
i
(W
0
A
[W
0
B
); 
B
=
[
i2Z
B
i
(W
0
A
[W
0
B
):
By the assumptions of the Theorem, Lemma 5.3, and the modication above, the
assumptions of the second combination theorem are satised:
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δ
γ
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0
0
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∼
2
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γ
0
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’
’
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δ
δ
δ
γ
γ
1
  =γ
γ
γ
0
0
0
∼
1
∼
1
2
∼
2
γ ’
Figure 7. An example of the modication of W
A
and W
B
in the case
p=q = 1=2.
Assumption (A) is satised, except that the curves W
0
A
and W
0
B
are not locally
circular at 
A
and 
B
, respectively. However, as remarked in [17] Section 0.2.3,
this requirement can be weakened considerably, in our situation, see Figures 6 and
7, the curves consist of circular arcs that are perpendicular to the boundaries of the
disks 
i
at the points of 
A
and 
B
. Also, we can make a small local perturbation
of the curves W
0
A
and W
0
B
at their points of tangency such that the curves are locally
circular at these points without introducing new points of tangency, or changing
the mapping properties ((y) and (1)  (4) of Denition 5.2)
Assumption (B) of the combination theorem is exactly assumption (i) of Theo-
rem 5.1: The cyclic stabilizers of Maskit [17] Section II.2 are conjugate to W
p=q
.
Assumption (C),
b
C n (D
A
[D
B
) is trivially satised.
Now, claim (1) is Maskit's conclusion (i), claim (2) is (ii), and claim (3) is (x).
Proof of claim (4): If G is a Kleinian group such that the limit set (G) consists
of more than one point (like F in our situation), we follow Maskit [16] and denote
by area(G) the area in the hyperbolic metric of 
(G)=G. If (G) is nite, we set
area(G) = 0, and if G is a nite Kleinian group, area(G) =  4=#G. Conclusion
(xiii) of Maskit's second combination theorem [17] gives in our situation for n > 3
the following:
area(G) = area(F )  area(hAi) = 2  2

1 
2
n

+ 4=n = 2

1 
2
n

+ 2:
By (1) we know that the parabolics A, B, and W
p=q
dene dierent conjugacy
classes. By Maskit's conclusion (viii) we know that the quotient contains one sphere
with a puncture and two cone points of order n, and that A, B, W
p=q
correspond
to three punctures on the remainder of the quotient. It follows by considering the
Euler characteristic that the quotient is as in claim (4).
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Similarly, for n = 2 we have:
area(G) = area(F )  area(hAi) = 4=2 = 2:
and the quotient is a thrice punctured sphere. 
6. Proof of main results
Let 
p=q
be the cusp on P
p=q
. The quotient 
(G[
p=q
])=G[
p=q
] is the union
of two thrice punctured spheres, one corresponding to H

=hS;
e
Si, the other to

0
=hW
p=q
;W
 1
r=s
W
 1
p=q
W
r=s
i. The main idea comes from a property of the cusps of
M ; McShane, Parker and Redfern [18], Proposition 7.1, made the following useful
observation:
6.1. Proposition. G[
p=q
] is the HNN extension of the torsion-free triangle group
hW
p=q
;W
 1
r=s
W
 1
p=q
W
r=s
i by W
r=s
,
G[
p=q
] = hW
p=q
;W
 1
r=s
W
 1
p=q
W
r=s
i 
W
r=s
:
Moreover,
(1) G[
p=q
] is the  s=q cusp in the deformation space of terminal b-groups of
the form hW
p=q
;W
 1
r=s
W
 1
p=q
W
r=s
i
Z
representing a punctured torus in their
invariant component.
(2) there is a tangent  s=q chain (
i
)
i2Z
, int
i
 
(G[
p=q
]) for these gen-
erators, with 
0
\ 
0
= x
e
K, 
q
\ 
0
= xK.
We need the following Lemma in the Proof of Theorem 6.5:
6.2 Proposition. For any  2 H
W
 s=q
[W
p=q
[S; T ];W
r=s
[S; T ]] =W
1=0
[S; T ] = S
 1
:
Proof. Osborne and Zieschang [19], Theorem 3.5, proved the following: For any
m=n, and any neighbors p=q and r=s the following formula holds:
W
m=n
[W
p=q
[S; T ];W
r=s
[S; T ]] =W
(mr+np)=(ms+nq)
[S; T ]:
The claim is a special case of this formula. 
For the remainder of this section, let us use the notation
X =W
p=q
; Y =W
 1
r=s
W
 1
p=q
W
r=s
:

0
is the invariant disk of F
p=q
= hX;Y i such that int 
0
is a component of

(G[
p=q
]). Note also that H

= 
q
, and the stabilizer  
i
of 
i
is conjugate
in G[
p=q
] to hS;
e
Si for all i.
The map  7! G[] induces a homomorphism from G[
p=q
] onto any G[],  2 C .
Let us denote by  
i
[] the image of  
i
[
p=q
] by this homomorphism. As hS;
e
Si does
not depend on the parameter , in particular this means that the groups  
i
[] are
discrete and there is a naturally dened disk 
i
[] for each  2 H , bounded by the
limit set of  
i
[]. In particular, 
i
[
p=q
] = 
i
.
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6.3. Proposition. (1): 
i
[] and 
i+1
[] are tangent for any  2 H .
(2): If ji  jj > 1, then 
i
[
p=q
] \
j
[
p=q
] = ;.
Proof. (1): 
i
and 
i+1
are stabilized by the same parabolic transformation con-
jugate to W
p=q
. Thus these disks are clearly tangent at the xed point of this
element.
(2): Assume j > i + 1 and that there is a point x 2 
i
[
p=q
] \ 
j
[
p=q
]. By
Maskit [15] Theorem 3:
( 
i
) \ ( 
j
) = ( 
i
\  
j
):

[

p=q
]i and 
j
[
p=q
] are round disk components of G[
p=q
], so they can intersect
in exactly one point. Thus  
i
\  
j
= hP i, where P is a parabolic element xing
x. Thus it has to be conjugate to one of X, Y , XY or W
 s=q
[X;Z]. The three
rst parabolics in this list correspond to punctures on 
0
=F
p=q
, so 
i
[
p=q
] and

j
[
p=q
] cannot be tangent at the xed point of an element conjugate to any of
these. Assume they are tangent at the xed point of an element g conjugate to
W
p=q
. For parameters close to 
p=q
g is loxodromic. However, G[] and G[
p=q
]
are naturally isomorphic, and  
i
is conjugate to  
q
= hS;
e
Si 3 P , which does not
depend on . Thus P is parabolic, a contradiction. 
We need to show that for  close to the cusp the disks 
0
[]; : : : ;
q
[] satisfy
(). This will be a consequence of the following Lemma:
6.4. Lemma. For  > 0 there is a  > 0 such that if j  
0
j < , then
maxfz 2 ( 
0
[]) : dist(z; 
0
)g < :
Proof. Let p
1
; p
2
; p
3
2 ( 
0
[
p=q
]) be three distinct xed points, and c = c() the
center of 
0
. There is a neighborhood U  C of 
0
such that the maps p
i
: U ! C ,
i = 1; 2; 3, and c : U ! C induced by the map  7! T [], are analytic functions.
Thus there is a  > 0 such that for j  
0
j < , jp
i
()  p
i
(
0
)j < =2, i = 1; 2; 3,
and jc()  c(
0
)j < =2. Now for any point z 2 ( 
0
[]) we have
jz   c(
0
)j = jp
1
  
0
j
 jp
1
()  p
1
(
0
)j+ jp
1
(
0
)  c(
0
)j+ jc(
0
)  c()j
< jp
1
(
0
)  c(
0
)j+ : 
6.5. Theorem. On the extension P
+
p=q
of each rational pleating ray there is an
open neighborhood U of the cusp 
p=q
on P
+
p=q
such that the following holds: If
 2P
+
p=q
\ U and j trW
p=q
j = 2 cos(=n) for some n 2 N, n  2, then
G[] = F
W
r=s
is a Kleinian group representing a thrice punctured sphere and a sphere with a
puncture and two branch points of order n on its ordinary set. If  2P
+
p=q
\ U is
not of this form, G[] is not discrete.
Proof. The idea of the proof is to show that we can apply Theorem 5.1 in our
situation. At the cusp 
p=q
2 @M the tangent combinatorial p=q chain (
i
)
i2Z
can be written as the collection
n
W
i
p=q
(
j
) : i 2 Z; 1  j  q   1
o
:
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By Proposition 6.3 we have

i
\
j
= ;
if ji  jj > 1. By Lemma 6.4 the nite piece 
0
; : : : ;
q 
is deformed continuously
in , and no new intersections of the 
i
[] are produced if j
p=q
 j is small. Thus
we can change  in a small open set U containing 
p=q
such that () holds for all
 2 U and all i = 0; : : : ; q. Let 
p=q
(n) be a parameter on P
+
p=q
such that W
p=q
is
elliptic. If 
p=q
(n) 2 U \P
+
p=q
, then

W
p=q
[
p=q
(n)]
i
 

j
[
p=q
(n)]

: i  i  n; 0  j  q   1
	
form a nite combinatorial  s=q chain. Also, after possibly making U slightly
smaller the disks D
A
and D
B
are disjoint.
In order to apply apply Theorem 5.1 on discreteness and circle chains we need
that the word W
 s=q
[W
p=q
[S; T ];W
r=s
[S; T ]] is parabolic for  = 
p=q
(n). But by
Proposition 6.2 this holds for any . 
Figure 8. The limit set the Kleinian group on the extended ray P
+
1=2
for the parameter  such that W
1=2
is an elliptic of order 4.
We can now prove the second main result of this paper. Theorem 6.6 is a version
of Theorem III of Keen, Maskit and Series [5] on the uniqueness of maximally
parabolic groups applied to our situation with elliptic transformations in the groups.
The proof is essentially the same:
6.6. Theorem. Let 
p
0
=q
be the boundary point of M
n
on the ray P
p
0
=q
. Then
the group G[
p=q
(n)] is conjugate to G
n
[
p
0
=q
] by a Mobius transformation.
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Proof. Both groups are geometrically nite, and they are HNN extensions of a tri-
angle group of signature (n; n;1). There is a natural type-preserving isomorphism
' : G
n
[
p
0
=q
]! G[
p=q
(n)]:
'(A
n
) = X; '(C
n
[ ]) = Z:
The theorem now follows from Tukia's version of Marden's Isomorphism Theorem
[24] Theorem 4.2, if we can construct a conformal map
 : 
(G
n
[
p
0
=q
])! 
(G[
p=q
(n)])
that induces '. This can be done as follows: There is a unique Mobius transfor-
mation  
1
: D ! 
0
conjugating the stabilizing triangle groups of these disks such
that
 
1
A
n
  
 1
1
= X and  
1
B
n
  
 1
1
= Y:
We can extend this map equivariantly to the G
n
[
p
0
=q
] orbit of D by setting
 
1
j
w(D)
= '(w)   
1
 w
 1
for any w 2 G
n
[
p
0
=q
(n)]. Let
e

0
be the rst circle of the tangent circle chain of
G
n
[
p
0
=q
(n)], tangent to D at xK
n
= e
i=n
. There is a similar map  
2
for the
G
n
[
p
0
=q
(n)] orbit of
e

0
. Together  
1
and  
2
dene a conformal map of the sets of
discontinuity. It is compatible with the isomorphism ' by construction. 
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